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The finite classical groups comprise of the general linear group, the unitary group,
the symplectic group, the proper orthogonal group and the orthogonal group, over
a finite field.
In this thesis, we deal with invariants of the Sylow 2-subgroups of the finite clas-
sical groups, over a field of q elements, where q is a power of some odd prime. By
investigating invariants of the Sylow 2-subgroups of a given group, we can deter-
mine whether it is isomorphic to a finite classical group.
Some of the group and field concepts that are used in the thesis will be listed out
in Chapter 1. The core of the thesis is Chapter 3, where five invariants of the
Sylow 2-subgroups of the finite classical groups, are presented. The five invariants
are as follows: the center, the number of elements of order 2 and their number
of conjugacy classes, the rank and normal rank. Chapter 2 presents the essential
results for Chapter 3; the five invariants mentioned above, of groups isomorphic
to the base groups (finite classical groups of dimension 2, except for the proper
orthogonal group with dimension 3).




general linear group direct product of t copies of the Sylow 2-subgroup of Fq×;
GLn(q) multiplicative group of the finite field of q elements,
where n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt
unitary group of q ≡ 1 (mod 4) direct product of t copies of the finite field of 2 elements,
dimension n; where n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt
Un(q) q ≡ 3 (mod 4) direct product of t copies of the finite field of 2s elements,
where 2s is the highest power of 2 dividing q + 1, and n =
2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt
symplectic group
Sp2n(q)
proper orthogonal group direct product of t copies of the finite field of 2 elements,
2n+ 1; O+2n+1(q) where 2n = 2
r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt
orthogonal group of qn ≡ η (mod 4)
dimension 2n; qn ≡ −η (mod 4) direct product of t+ 2 copies of the finite field of 2 elements,












i=1[ E(Sri ) + 1 ]− 1;
unitary group of q ≡ 1 (mod 4) where n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
Q
de-
dimension n; q ≡ 3 (mod 4) notes product, E(Sr) denotes the number of elements of ord-
Un(q) er 2 in a Sylow 2-subgroup of GL2r (q) or U2r (q) respectively
symplectic group
Qt
i=1[ E(Sri ) + 1 ]− 1;
Sp2n(q) where 2n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
Q
de-
proper orthogonal group notes product, E(Sr) denotes the number of elements of ord-
2n+ 1; O+2n+1(q) er 2 in a Sylow 2-subgroup of Sp2r (q), O
+
2r+1(q) or
orthogonal group of qn ≡ η (mod 4) O2r (η, q) respectively
dimension 2n; qn ≡ −η (mod 4) 4 Qti=1[ E(Sri ) + 1 ]− 1;
O2n(η, q), η = ±1 where 2(n− 1) = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
Q
denotes product, E(Sr) denotes the number of elements
of order 2 in a Sylow 2-subgroup of O2r (η, q)
Table 2: number of elements of order 2
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i=1[ C(Sri ) + 1 ]− 1;
unitary group of q ≡ 1 (mod 4) where n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
Q
dimension n; denotes product, C(Sr) denotes the number of conjugacy
Un(q) q ≡ 3 (mod 4) classes of elements of order 2 in a Sylow 2-subgroup of
GL2r (q) or U2r (q) respectively
symplectic group
Qt
i=1[ C(Sri ) + 1 ]− 1;
Sp2n(q) where 2n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
Q
proper orthogonal group denotes product, C(Sr) denotes the number of conjugacy
2n+ 1; O+2n+1(q) classes of elements of order 2 in a Sylow 2-subgroup of
orthogonal group of qn ≡ η (mod 4) Sp2r (q), O+2r+1(q) or O2r (η, q) respectively
dimension 2n; qn ≡ −η (mod 4) 4 Qti=1[ C(Sri ) + 1 ]− 1;
O2n(η, q), η = ±1 where 2(n− 1) = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
Q
denotes product, C(Sr) denotes the number of conjugacy
classes of elements of order 2 in a Sylow 2-subgroup of
O2r (η, q)













unitary group of q ≡ 1 (mod 4) where n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt, and











orthogonal group of qn ≡ η (mod 4) Pti=1 2ri ;
dimension 2n; where 2n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt, and
O2n(η, q), η = ±1
P
denotes sum
qn ≡ −η (mod 4) 2 +Pti=1 2ri ;












unitary group of q ≡ 1 (mod 4) where n = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt, and











orthogonal group of qn ≡ η (mod 4)
dimension 2n; qn ≡ −η (mod 4) 2 +Pti=1 2ri−1;
O2n(η, q), η = ±1 where 2(n− 1) = 2 r1 + 2 r2 + · · ·+ 2 rt , r1 < r2 < · · · < rt,
P
denotes sum





G a finite group (unless stated otherwise)
Fq field of q elements, where q is the power of some odd
prime
GLn(q) general linear group with dimension n over Fq
Sp2n(q) symplectic group with dimension 2n over Fq
Un(q) unitary group with dimension n over Fq
O+2n+1(q) proper orthogonal group with dimension 2n+ 1 over Fq
O2n(η, q) orthogonal group, η = ±1, with dimension 2n over Fq
|G| order of G
F× multiplicative group of the finite field F
R(G) rank of G
N (G) normal rank of G
E(G) number of elements of order 2 in G
C(G) number of conjugacy classes of elements of order 2 in G
N set of natural numbers
a | b a is a divisor of b
pn ‖ b pn | b and pn+1 - b, where p is a prime
∼= isomorphic to
H oK wreath product of the group H by K
a ≡ b (mod n) a congruence to b modulus n
ix
List of Notations x
o(a) order of an element in a group
a−1 inverse of an element a in a group
[ a, b ] aba−1b−1; where a, b are elements of a group




Z(G) center of G∏
product
(a, b) ordered pair
ClG(a) conjugacy class of the element a in G
S0 Sylow 2-subgroup of Fq×
v(a) exact power of 2 that divides a
|G|p p-part of |G|; the order of a Sylow 2-subgroup of G
Chapter 1
Preliminaries
Readers are assumed to have basic knowledge of group theory and field theory.
However, some results that are closely related to the thesis will be listed in the
first section; together with some definitions.
Throughout the thesis, let q be the power of some odd prime. The finite classical
groups are: the general linear group GLn(q), the unitary group Un(q), the sym-
plectic group Sp2n(q), the proper orthogonal group O
+
2n+1(q), and the orthogonal
group O2n(η, q), η = ±1, over a finite field of q elements. The group structures
of the Sylow 2-subgroups of the finite classical groups will be listed in the second
section.
1.1 Basic Concepts
Theorem 1.1. (see [MMS] Theorem 4.2.10) Let G be a finite cyclic group of order
m. Then for every positive divisor d of m, there exists a unique subgroup of G of
order d.
1
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If p is a prime and m is an integer, let p a ‖ m denote that p a is the highest
power of p dividing m.
Definition 1.2. Let p be a prime. A p-group is a group whose order is divisible
only by p.
Definition 1.3. Let p be a prime divisor of |G|. A subgroup of G that has an
order of p a, where p a ‖ |G|, is called a Sylow p-subgroup of G.
Theorem 1.4. (Sylow’s Theorem) (see [Rot] Theorem 4.9) Let G be a finite
group with Sylow p-subgroup P . All Sylow p-subgroups of G are conjugate to P .
Further, the number of these subgroups is the index [G : NG(P ) ] ≡ 1 (mod p),
where NG(P ) is the normalizer of P in G.
Theorem 1.5. (see [MMS] Theorem 23.1.5) Let F be a field and G be a finite
subgroup of the multiplicative group F×. Then G is cyclic.
Theorem 1.6. (see [LX] Corollary 3.3.2) Let F be a subfield of E with |F | = r.
Then an element β ∈ E lies in F if and only if β r = β.
Definition 1.7. An elementary abelian p-subgroup is an abelian p-group that con-
tains only elements of order 1 and p ; that is, of the form
Cp × Cp × · · · × Cp ,
where Cp is a cyclic group of order p.
The rank of an elementary abelian 2-group is the minimal number of generators.
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Definition 1.8. The rank R(G) of a finite group G is the maximum number of
rank among its elementary abelian 2-subgroups.
Definition 1.9. The normal rank N (G) of a finite group G is the maximum
number of rank among its normal elementary abelian 2-subgroups.
Let E(G) denote the number of elements of order 2, and let C(G) denote the
number of conjugacy classes of elements of order 2, in a finite group G.
1.2 The Sylow 2-subgroups of the Finite Classical
Groups
Definition 1.10. Let G and H be finite groups, and let
α : H −→ Sym(n)
be a permutation representation ofH for some n, where Sym(n) is the permutation
group of n letters. The wreath product G o H with respect to α is a semidirect
product B o H, where B is a direct product of n copies of G and the group
action of H on B is as follows. The action of h ∈ H on (g1, g2, . . . , gn) ∈ B is
(g1, g2, . . . , gn)
h = (gα(h)(1), gα(h)(2), . . . , gα(h)(n)).
Throughout the thesis, for wreath product G o H, where H ∼= Z2, we consider
the permutation representation of H onto Sym(2).
Definition 1.11. A semidihedral group is a group of order 2n, n ≥ 3, generated
by two elements x and y, satisfying the relations
x2
n−1
= y2 = 1 and x2
n−2−1 = yxy.
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Proposition 1.12. Let Sr be a Sylow 2-subgroup of GL2r(q). Then
(a) by letting 2 s+1 ‖ (q2 − 1),
(i) S1 is a wreath product ∼= Z2s o Z2, if q ≡ 1 (mod 4);
(ii) S1 is a semidihedral group of order 2
s+2, if q ≡ 3 (mod 4);
(b) for r ≥ 2, we have Sr ∼= Sr−1 o Z2.
Proof. (a) (i) Note that |S1| = 21+2s by Proposition A.2. Since Fq× is a cyclic
group of order q−1, there exists an element  ∈ Fq× such that o() = 2 s









o(x) = o(y) = o() = 2 s,






Note that o(z) = 2, and zxz = y. Therefore the subgroup W1 =
〈x, y〉o〈z〉 ofGL2(q), which is isomorphic to the wreath product Z2s oZ2,
has an order of 21+2s. Consequently, from the Sylow’s Theorem, we have
S1 ∼= W1.
(ii) Note that |S1| = 2 s+2 by Proposition A.2. Since Fq 2× is a cyclic group
of order q 2 − 1, there exists an element  ∈ Fq 2× such that o() = 2 s+1
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(Theorems 1.1, 1.5). As the order of + q is a divisor of q− 1, we have





By considering a−1xa =
 0
0 q




o(x) = o(a−1xa) = 2 s+1.
Now, let




By direct verification, zxz = x2
s−1, and the semidihedral subgroupW1 =
〈x, z |x2s+1 = z2 = I2, zxz = x2s−1〉 of GL2(q) has an order of 2 s+2.
Consequently, from the Sylow’s Theorem, we have S1 ∼= W1.




 , Yr =
1 0
0 Sr−1





Xr ∼= Sr−1 ∼= Yr, and o(zr) = 2.
Clearly,
[Xr, Yr] = 1, and Xr ∩ Yr = {1},
and zrXrzr = Yr, for r ≥ 2. Further, it follows from Proposition A.2, that
the subgroup Wr = 〈Xr, Yr〉 o 〈zr〉 of GL2r(q), which is isomorphic to the
wreath product Sr−1 oZ2 has an order of |Sr|. Similarly, we have Sr ∼= Wr by
Sylow’s Theorem.
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Definition 1.13. A generalized quaternion group is a group of order 2n, n ≥ 3,





= y2, x−1 = yxy.
In [CF], Roger Carter and Paul Fong studied the Sylow 2-subgroups of the finite
classical groups. Here we present their results.
Proposition 1.14. ([CF] Lemma 1 and p.143) Let Sr be a Sylow 2-subgroup of
U2r(q). Then
(a) by letting 2 s+1 ‖ (q2 − 1),
(i) S1 is a semidihedral group of order 2
s+2, if q ≡ 1 (mod 4);
(ii) S1 is a wreath product ∼= Z2s o Z2, if q ≡ 3 (mod 4);
(b) for r ≥ 2, we have Sr ∼= Sr−1 o Z2.
Proposition 1.15. ([CF] Lemma 1 and p.143) Let Sr be a Sylow 2-subgroup of
Sp2r(q). Then
(a) S1 is a generalized quaternion group of order 2
s+1, where 2 s+1 ‖ (q2 − 1);
(b) for r ≥ 2, we have Sr ∼= Sr−1 o Z2.
Proposition 1.16. ([CF] Lemma 2, Corollary and p.145) Let Sr be a Sylow 2-
subgroup of O+2r+1(q). Then
(a) S1 is a dihedral group of order 2
s+1, where 2 s+1 ‖ (q2 − 1);
(b) for r ≥ 2, we have Sr ∼= Sr−1 o Z2.
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Theorem 1.17. Let S be a Sylow 2-subgroup of GLn(q) or Un(q), and let n =
2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt. Then S ∼= Sr1 × Sr2 × · · · × Srt, where Sr
is a Sylow 2-subgroup of GL2r(q) or U2r(q) respectively.
Proof. Consider GLn(q) and the mapping,
φ : Sr1 × Sr2 × · · · × Srt −→ S,
φ((zr1 , zr2 , . . . , zrt)) =

zr1 0 · · · 0





0 0 · · · zrt
 ,
where zrj ∈ Srj , 1 ≤ j ≤ t, and 0 is a zero submatrix of an appropriate size.
Clearly, φ is injective. Now, let |S| = 2 e for some e ∈ N. Consider the function v,


















Note that for positive integers a and b ∈ N, we have v(q2a+1 − 1) = v(q − 1) and
v(q2








which is v(Srj). Consequently,
|S| = |Sr1 × Sr2 × · · · × Srt|,
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and thus φ is bijective.
Now, let
x = (xr1 , xr2 , . . . , xrt) and y = ( yr1 , yr2 , . . . , yrt),
be two elements in Sr1 × Sr2 × · · · × Srt . Then
φ(xy) = φ((xr1yr1 , xr2yr2 , . . . , xrtyrt))
=

xr1yr1 0 0 0
0 xr2yr2 0 0
0 0
. . . 0




xr1 0 0 0
0 xr2 0 0
0 0
. . . 0
0 0 0 xrt


yr1 0 0 0
0 yr2 0 0
0 0
. . . 0
0 0 0 yrt

= φ(x)φ(y).
Hence φ is a homomorphism. As a result, φ is an isomorphism. By similar argu-
ment, we get the results for Un(q).
Theorem 1.18. ([CF] Theorems 1 and 2) Let S be a Sylow 2-subgroup of Sp2n(q)
or O+2n+1(q), and let 2n = 2
r1 + 2r2 + · · · + 2rt, where r1 < r2 < · · · < rt. Then
S ∼= Sr1 × Sr2 × · · · × Srt, where Sr is a Sylow 2-subgroup of Sp2r(q) or O+2r+1(q)
respectively.
Theorem 1.19. ([CF] Theorem 3) Let S be a Sylow 2-subgroup of O2n(η, q),
η = ±1. Then
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(i) S is isomorphic to a Sylow 2-subgroup of O+2n+1(q), if q
n ≡ η (mod 4);
(ii) S ∼= Z2 × Z2 × S ′, where S ′ is a Sylow 2-subgroup of O+2n−1(q), if qn ≡ −η
(mod 4).
Chapter 2
The Invariants of the Groups
isomorphic to the Base Groups
The base groups, that is, the Sylow 2-subgroups of GL2(q), U2(q), Sp 2(q), O
+
3 (q)
and O2(η, q), are isomorphic to either the generalized quaternion group, the semi-
dihedral group, the dihedral group, the direct product or the wreath product of
finite groups. In this chapter, we investigate the following invariants of a Sylow
2-subgroup of the groups mentioned above: the center, the number of elements of
order 2 and their number of conjugacy classes, the rank and normal rank.
2.1 The Direct Product and Wreath Product of
Finite Groups
Proposition 2.1. Suppose G = G1 × G2 × · · · × Gt, for some finite groups Gi,
1 ≤ i ≤ t. Then
10
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(i) Z(G) = Z(G1)× Z(G2)× · · · × Z(Gt);
(ii) E(G) =∏ ti=1[E(Gi) + 1]− 1;
(iii) C(G) =∏ ti=1[C(Gi) + 1]− 1;
(iv) R(G) =∑ ti=1R(Gi);
(v) N (G) =∑ ti=1N (Gi).
Proof. Observe that G1 × G2 · · · × Gt ∼= G1 × (G2 × · · · × Gt), thus it suffices to
prove for t = 2. Fix an element x ∈ G. Observe that x admits a unique expression
(x1, x2), where x1 ∈ G1 and x2 ∈ G2. Define P1(x) = x1 and P2(x) = x2. Further,
define Pi(X) = {Pi(x) |x ∈ X }, for i = 1, 2, for any nonempty set X.
(i) By direct verification, we get the results immediately.
(ii) Let x ∈ G. Then x = (x1, x2), for some xi ∈ Gi, i = 1, 2. Clearly, o(x) = 2
if and only if x 6= 1 and o(xi) | 2, for i = 1, 2. Hence by direct computation,
we get the results immediately.
(iii) Suppose C(Gi) = mi, for i = 1, 2. Let ClG1(x1), ClG1(x2), . . . , ClG1(xm1) be
the m1 conjugacy classes of elements of order 2 in G1. Similarly, let ClG2(y1),
ClG2(y2), . . . , ClG2(ym2) be the m2 conjugacy classes of elements of order 2
in G2. By (ii), elements of order 2 in G, are of the form
(a, 1), (1, b), or (a, b),
where o(a) = o(b) = 2.
Observe that elements of order 2 of the above forms can be partitioned into
the following conjugacy classes respectively:
ClG((xi, 1)), ClG((1, yj)) and ClG((xi, yj)),
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where 1 ≤ i ≤ m1 and 1 ≤ j ≤ m2. By direct verification, all the conjugacy
classes of G mentioned above are distinct. Therefore the result follows.
(iv) Let E be an elementary abelian 2-subgroup of G that gives the maximum
rank. It follows that P1(E) and P2(E) are elementary abelian 2-subgroups of
G1 and G2 respectively. In addition, notice that E is a subgroup of P1(E)×
P2(E). As a result,
R(G) ≤ R(G1) +R(G2).
Now, let E1 and E2 be elementary abelian 2-subgroups of G1 and G2, such
that they give the maximum rank of G1 and G2 respectively. Since E1 × E2
is isomorphic to an elementary abelian 2-subgroup of G, hence
R(G1) +R(G2) = R(E1 × E2)
≤ R(G).
(v) Suppose N (Gi) = ni, for i = 1, 2. Let X = {x1, x2, . . . , xn1} be a minimal
generating set for a normal elementary abelian 2-subgroup of maximum rank
in G1. Similarly, let Y = {y1, y2, . . . , yn2} be a minimal generating set for a
normal elementary abelian 2-subgroup of maximum rank in G2.
Let N be a normal elementary abelian 2-subgroup of maximum rank in G. It
follows that P1(N) and P2(N) are normal elementary abelian 2-subgroups
of G1 and G2 respectively. In addition, notice that N is a subgroup of
P1(N)× P2(N). As a result,
N (G) ≤ n1 + n2.
Now, consider the subgroup R, which is the direct product of all the elements
in X and Y . Clearly, R is a normal elementary abelian 2-subgroup of G.
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Therefore,
N (G) ≥ N (R)
= n1 + n2.
Lemma 2.2. Let G = H o z for some finite group H, where 2 is a divisor of |H|
and o(z) = 2. Then the elements of order 2 in zP , where P ∼= H ×H, lie in the
same conjugacy class. Further, we have ClG(z) ∩ P = ∅.
















〉 and z =
0 1
1 0
. Fix an element of order 2 in zP ,
say x. Then x =
 0 a
a−1 0











hence x ∈ ClG(z). Therefore all the elements of order 2 in zP lie in the same
conjugacy class. By direct verification, no elements of order 2 in P is contained in
ClG(z).
Proposition 2.3. Suppose G = H oZ2 for some finite group H, where 2 is a divisor
of |H|. Then
(i) Z(G) ∼= Z(H);
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(ii) E(G) = [E(H) + 1]2 + |H| − 1;
(iii) C(G) = [ C(H)+1 ] [ C(H)+2 ]
2
;
(iv) R(G) = 2 · R(H);
(v) N (G) = 2 · N (H), if H is not an elementary abelian 2-group.













 , Y =
1 0
0 H




and P = X × Y . Suppose |H| = n. Let x1, x2, . . . , xn denote the elements in X,
with xn = 1, and yi = zxiz, for 1 ≤ i ≤ n. Then the elements in G are of the form
xiyjz
k, for 1 ≤ i, j ≤ n and k = 1, 2.





for some a, b, c, d ∈ H. Since [α, z ] = 1, we have a = d and b = c. Furthermore,





 ∣∣∣∣∣ a ∈ Z(H)
 ∼= Z(H).




 , for some a1, a2 ∈ H.
By direct verification, o(a) = 2 if and only if a1 = (a2)
−1. Hence there are n
number of elements of the form xiyjz, for 1 ≤ i, j ≤ n, with order 2.
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Now, consider b ∈ P . Applying Proposition 2.1, there are
E(P ) = [E(H) + 1]2 − 1
number of elements in P with order 2. Summing up, we get the desired equality.
(iii) Let C(H) = m, and ClH(a1), ClH(a2), . . . , ClH(am) be them conjugacy classes
of elements of order 2 in H. From Proposition 2.1 and (ii), we gather that elements












where a, b, c ∈ H, with o(a) = o(b) = 2.
Since zY z = X, hence every element in Y is contained in some conjugacy class
of X. By direct verification, elements of the form
x 0
0 y
, with o(x), o(y) 6= 1,
does not lie in any conjugacy class of X. Further, elements of order 2 in X can be




 , for 1 ≤ i ≤ m.
In addition, for elements of the form
x 0
0 y







 , 1 ≤ j ≤ i, 1 ≤ i ≤ m,
by direct verification. Applying Lemma 2.2, we conclude that G has (m+1)(m+2)
2
conjugacy classes.
2.1 The Direct Product and Wreath Product of Finite Groups 16
(iv) Throughout the proof, we shall consider only elements of order 2 in G. Let E be
an elementary abelian 2-subgroup of G1. Suppose z ∈ E. Notice that [ z, xiyj ] = 1








Note that a, b are elements of order 2 in H. Hence the maximumR(E) is 1+R(H).
Now suppose z /∈ E. If xiyjz /∈ E for all 1 ≤ i, j ≤ n, then E is a subgroup
of P , and the maximum R(E) is 2 · R(H) by Proposition 2.1. Otherwise, fix a





for some i, j. Notice that [xiyjz, xkyl ] = 1 if and only if a





with o(b1) = o(b2) = 2, and 1 ≤ k, l ≤ n. Further, (xiyjz)(xsytz) ∈ P for all
1 ≤ s, t ≤ n. Therefore, the maximum R(E) is 1 +R(H).
By Sylow’s Theorem, R(H) ≥ 1, thus R(G) = 2 · R(H).
(v) Let N be a normal elementary abelian 2-subgroup of G. Suppose N admits an
element in zP . Then by Lemma 2.2, N contains all elements of order 2 in zP . In
particular, z ∈ N and ClG(z) ⊆ N . However, this implies that H is an elementary
abelian 2-group. A contradiction. Therefore N is a subgroup of P . Consequently,
applying Proposition 2.1, we get N (G) = N (P ) = 2 · N (H).
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2.2 The Generalized Quaternion Group
Proposition 2.4. Let Q2n be a generalized quaternion group of order 2
n, where
n ≥ 3. Then
(i) Z(Q2n) ∼= Z2;
(ii) E(Q2n) = C(Q2n) = R(Q2n) = N (Q2n) = 1.
Proof. The elements in Q2n = 〈x, y |x2n−1 = 1, x2n−2 = y2, yxy−1 = x−1〉 are of
the form xiyk, for some 1 ≤ i ≤ 2n−1 and k = 1, 4.
(i) Let a = xiyk, 1 ≤ i ≤ 2n−1, k = 1, 4. By direct computation, [ a, y ] = 1 if
and only if 2n−2 | i, and [ a, x ] = 1 if and only if k = 2. However, note that
x2
n−2
= y2. As a result, we get
Z(Q2n) = 〈 y2〉 ∼= Z2.
(ii) For 1 ≤ i ≤ 2n−1, o(xi) = 2 if and only if i = 2n−2. Now, suppose there
exists an element of order 2 of the form xiy, for some 1 ≤ i ≤ 2n−1. Then
(xiy)2 = 1
=⇒ y2 = 1.
A contradiction. Hence Q2n has only one element of order 2. Further, by
direct verification, 〈 y2〉 is normal in Q2n .
2.3 The Semidihedral and Dihedral Groups 18
2.3 The Semidihedral and Dihedral Groups
Proposition 2.5. Let QD2n be a semidihedral group of order 2
n, where n ≥ 3.
Then
(i) Z(QD2n) ∼= Z2;
(ii) E(QD2n) = 2n−2 + 1;
(iii) C(QD2n) = 2;
(iv) R(QD2n) = 2;
(v) N (QD2n) = 2.
Proof. The elements in QD2n = 〈x, z |x2n−1 = z2 = 1, zxz = x2n−2−1〉 are of the
form xizk, for some 1 ≤ i ≤ 2n−1 and k = 1, 2.
(i) By direct verification, [xi, z ] = 1 if and only if i = 2n−2, for 1 ≤ i < 2n−1.
Also, [ xjz, z ] = 1 if and only if j = 2n−2, for 1 ≤ j < 2n−1, and z /∈
Z(QD2n). Therefore,
Z(QD2n) = 〈x2n−2〉 ∼= Z2.
(ii) Let a = xiz, 1 ≤ i ≤ 2n−1. By direct verification, o(a) = 2 if and only if
2 | i. As a result, the number of such elements a with order 2 is 2n−2. On
the other hand, o(xi) = 2 if and only if i = 2n−2. Summing up, QD2n has
2n−2 + 1 elements of order 2.
(iii) Since [xi, z ] = 1 and [xiz, z ] = 1, if and only if i = 2n−2, hence |CQD2n (z)| =
2 2. This implies that |ClQD2n (z)| = 2n−2. Notice that x2
n−2 ∈ Z(QD2n).
Hence it follows from (ii) that C(QD2n) = 2.
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(iv) Let E be an elementary abelian 2-subgroup of maximal rank in QD2n . Sup-
pose z ∈ E. Notice that [ z, x2n−2 ] = 1, hence the maximum R(E) is 2.
Now suppose z /∈ E. By direct verification, [x2iz, x2kz ] = 1 if and only if
i = 2n−3 + k, where 1 ≤ i, k < 2n−2, i 6= k. Hence the maximum R(E) is 2.
Therefore R(QD2n) = 2.
(v) By (iv), R(QD2n) = 2, and notice that 〈x2n−2〉 × 〈z〉 is a normal elementary
abelian 2-subgroup of QD2n , thus N (QD2n) = 2.
Proposition 2.6. Let D2n be a dihedral group of order 2
n, where n ≥ 2. Then
(i) Z(D2n) ∼= Z2;
(ii) E(D2n) = 2n−1 + 1;
(iii) C(D2n) = 3;
(iv) R(D2n) = 2;
(v) N (D2n) = 2 for n = 2, and N (D2n) = 1 for n > 2.
Proof. The elements in D2n = 〈x, y |x2n−1 = y2 = 1, yxy = x−1〉 are of the form
xiyk, for 1 ≤ i ≤ 2n−1, k = 1, 2.
(i) By direct computation, for 1 ≤ i < 2n−1, [xiy, x ] 6= 1 and [xi, y ] = 1 if and
only if i = 2n−2. Hence we get
Z(D2n) = 〈x2n−2〉 ∼= Z2.
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(ii) For 1 ≤ i ≤ 2n−1, o(xi) = 2 if and only if i = 2n−2, and (xiy)2 = 1. Hence
summing up, we get the desired number of elements of order 2.
(iii) Note that [ xi, xjy ] = 1 if and only if i = 2n−2, where 1 ≤ i, j ≤ 2n−1. Also,
x2
n−2 ∈ Z(D2n). Hence we gather that |ClD2n (xiy)| = 2n−2, for 1 ≤ i ≤ 2n−1,
and that C(D2n) = 3.
(iv) Notice that x2
n−2 ∈ Z(D2n). By direct computation, [ xiy, xjy ] = 1 if and
only if i = 2n−2 + j, where 1 ≤ i, j ≤ 2n−1. Therefore R(D2n) = 2.
(v) From (iv), the subgroup 〈x2n−2〉 × 〈 xiy〉, for 1 ≤ i ≤ 2n−1, gives the rank of
D2n . Also, x(x
iy)x−1 ∈ 〈 x2n−2〉 × 〈xiy〉 if and only if n = 2. Consequently
we get the results.
Chapter 3
The Invariants of a Sylow
2-subgroup of the Finite Classical
Groups
Applying the results from the preceding chapter, we present the invariants of a
Sylow 2-subgroup of the finite classical group. In each section, We first consider
the dimension of the finite classical groups with n = 2 r, for the general linear group
and unitary group; n = 2 r−1 for the symplectic group and proper orthogonal group,
r ∈ N, then followed by the general case.
3.1 The Center
Proposition 3.1. Let Sr be a Sylow 2-subgroup of GL2r(q). Then Z(Sr) ∼= S0,
where S0 is the Sylow 2-subgroup of Fq×.
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Proof. Fix r ≥ 2. By Proposition 1.12, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since Z(Sr) ∼= Z(Sr−1) from Proposition 2.3, it is sufficient to consider
Z(S1). By Proposition 1.12, S1 is either isomorphic to the wreath product Z2s oZ2
when q ≡ 1 (mod 4), where 2 s ‖ (q − 1), or a semidihedral group when q ≡ 3
(mod 4). Note that Z(Z2s o Z2) ∼= Z(Z2s) ∼= S0 when q ≡ 1 (mod 4), and the
center of a semidihedral group is isomorphic to Z2, from Propositions 2.3 and
2.5. Further, S0 ∼= Z2 when q ≡ 3 (mod 4), hence we have Z(S1) ∼= S0 for both
cases.
Proposition 3.2. Let Sr be a Sylow 2-subgroup of U2r(q). Then
(a) Z(Sr) ∼= Z2, if q ≡ 1 (mod 4);
(b) Z(Sr) ∼= Z2s, where 2s ‖ (q + 1), if q ≡ 3 (mod 4).
Proof. Fix r ≥ 2. By Proposition 1.14, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since Z(Sr) ∼= Z(Sr−1) from Proposition 2.3, it is sufficient to consider
Z(S1).
(a) Note that the center of a semidihedral group is isomorphic to Z2 from Propo-
sition 2.5. By Proposition 1.14, S1 is a semidihedral group, hence we have
Z(S1) ∼= Z2.
(b) From Proposition 1.14, S1 is isomorphic to the wreath product Z2s o Z2.
Applying Proposition 2.3, we get the center of the wreath product.
Proposition 3.3. Let Sr be a Sylow 2-subgroup of Sp2r(q). Then Z(Sr) ∼= Z2.
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Proof. Fix r ≥ 2. By Proposition 1.15, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since Z(Sr) ∼= Z(Sr−1) from Proposition 2.3, it is sufficient to consider
Z(S1). By Proposition 1.15, S1 is a generalized quaternion group. Since the center
of a generalized quaternion group is isomorphic to Z2 from Proposition 2.4, thus
we have the results immediately.




Proof. Fix r ≥ 2. By Proposition 1.16, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since Z(Sr) ∼= Z(Sr−1) from Proposition 2.3, it is sufficient to consider
Z(S1). By Proposition 1.16, S1 is a dihedral group. Since the center of a dihedral
group is isomorphic to Z2 from Proposition 2.6, we have the results immediately.
Theorem 3.5. Let S be a Sylow 2-subgroup of GLn(q), and let n = 2
r1 + 2r2 +
· · · + 2rt, r1 < r2 < · · · < rt. Then Z(S) is isomorphic to the direct product of t
copies of S0, where S0 is the Sylow 2-subgroup of Fq×.
Proof. By Theorem 1.17, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of GL2r(q). Moreover, Z(Sr) ∼= S0 from Proposition 3.1. Applying
Proposition 2.1, we get the center of the direct product.
Theorem 3.6. Let S be a Sylow 2-subgroup of Un(q), and let n = 2
r1+2r2+ · · · +
2rt, r1 < r2 < · · · < rt. Then Z(S) is isomorphic to
(a) the direct product of t copies of Z2, if q ≡ 1 (mod 4);
(b) the direct product of t copies of Z2s, where 2s ‖ (q + 1), if q ≡ 3 (mod 4).
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Proof. By Theorem 1.17, we have S ∼= Sr1 ×Sr2 × · · ·×Srt , where Sr is a Sylow 2-
subgroup of U2r(q). Moreover, Z(Sr) ∼= Z2 when q ≡ 1 (mod 4), and Z(Sr) ∼= Z2s
when q ≡ 3 (mod 4) from Proposition 3.2. Applying Proposition 2.1, we get the
center of the direct product.
Theorem 3.7. Let S be a Sylow 2-subgroup of Sp2n(q) or O
+
2n+1(q) and let 2n =
2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt. Then Z(S) is isomorphic to the direct
product of t copies of Z2.
Proof. By Theorem 1.18, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of Sp2r(q) or O
+
2r+1(q). Moreover, Z(Sr)
∼= Z2 from Propositions 3.3
and 3.4. Applying Proposition 2.1, we get the center of the direct product.
Theorem 3.8. Let S be a Sylow 2-subgroup of O2n(η, q), η = ±1. Then Z(S) is
isomorphic to
(i) the direct product of t copies of Z2, where 2n = 2r1 + 2r2 + · · · + 2rt, r1 <
r2 < · · · < rt, if qn ≡ η (mod 4);
(ii) the direct product of t+2 copies of Z2, where 2(n−1) = 2r1 +2r2 + · · · +2rt,
r1 < r2 < · · · < rt, if qn ≡ −η (mod 4).
Proof. (i) Note that S has the same group structures as the Sylow 2-subgroups
of O+2n+1(q) from Theorem 1.19. By Theorem 3.7, the center of the Sylow
2-subgroups of O+2n+1 are isomorphic to the direct product of t copies of Z2,
thus we have the same results for O2n(η, q).
(ii) By Theorem 1.19, we have S ∼= Z2×Z2×S ′ , where S ′ is a Sylow 2-subgroup
of O+2n−1(q). Note that Z(S
′
) is isomorphic to the direct product of t copies
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of Z2 from Theorem 3.7. Applying Proposition 2.1, we get the center of the
direct product.
3.2 Number of Elements of Order 2 and their
number of Conjugacy Classes
Here we first present the number of elements of order 2 in a Sylow 2-subgroup of
the finite classical groups.
Proposition 3.9. Let Sr be a Sylow 2-subgroup of GL2r(q). Then
(a) by letting 2 s+1 ‖ (q2 − 1),
(i) E(S1) = 2 s + 3, if q ≡ 1 (mod 4);
(ii) E(S1) = 2 s + 1, if q ≡ 3 (mod 4);
(b) for r ≥ 2, E(Sr) = [E(Sr−1) + 1]2 + |Sr−1| − 1.
Proof. (a) (i) By Proposition 1.12, S1 is isomorphic to the wreath product
Z2s o Z2. Applying Proposition 2.3, we get
E(S1) = [E(Z2s) + 1]2 + |Z2s | − 1 = 2 s + 3.
(ii) Note that a semidihedral group of order 2n, n ≥ 3, has 2n−2+1 number
of elements of order 2 from Proposition 2.5. By Proposition 1.12, S1 is
a semidihedral group of order 2 s+2, hence the results follow.
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(b) By Proposition 1.12, Sr is isomorphic to the wreath product Sr−1 o Z2. Ap-
plying Proposition 2.3, we have the expression for E(Sr).
Proposition 3.10. Let Sr be a Sylow 2-subgroup of U2r(q). Then
(a) by letting 2 s+1 ‖ (q2 − 1),
(i) E(S1) = 2 s + 1, if q ≡ 1 (mod 4);
(ii) E(S1) = 2 s + 3, if q ≡ 3 (mod 4);
(b) for r ≥ 2, E(Sr) = [E(Sr−1) + 1]2 + |Sr−1| − 1.
Proof. (a) Notice from Propositions 1.12 and 1.14, that when q ≡ k (mod 4),
S1 is isomorphic to T1, where T1 is a Sylow 2-subgroup of GL2(q), corre-
sponding to the q ≡ k+2 (mod 4) case. Therefore, we have the results from
Proposition 3.9.
(b) By Proposition 1.14, Sr is isomorphic to the wreath product Sr−1 oZ2. There-
fore we have the expression of E(Sr) from Proposition 2.3.
Proposition 3.11. Let Sr be a Sylow 2-subgroup of Sp2r(q). Then
(a) E(S1) = 1;
(b) for r ≥ 2, E(Sr) = [E(Sr−1) + 1]2 + |Sr−1| − 1.
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Proof. (a) Note that a generalized quaternion group has only one element of or-
der 2 from Proposition 2.4. By Proposition 1.15, S1 is a generalized quater-
nion group, hence the result follows.
(b) By Proposition 1.15, Sr is isomorphic to the wreath product Sr−1 oZ2. There-
fore we have the expression of E(Sr) from Proposition 2.3.
Proposition 3.12. Let Sr be a Sylow 2-subgroup of O
+
2r+1(q). Then
(a) E(S1) = 2 s + 1, where 2 s+1 ‖ (q2 − 1);
(b) for r ≥ 2, E(Sr) = [E(Sr−1) + 1]2 + |Sr−1| − 1.
Proof. (a) Note that a dihedral group of order 2n, n ≥ 2, has 2n−1 + 1 number
of elements of order 2 from Proposition 2.6. By Proposition 1.16, S1 is a
dihedral group of order 2 s+1, hence the result follows.
(b) By Proposition 1.16, Sr is isomorphic to the wreath product Sr−1 oZ2. There-
fore we have the expression of E(Sr) from Proposition 2.3.
Theorem 3.13. Let S be a Sylow 2-subgroup of GLn(q) or Un(q), and let n =




[ E(Sri) + 1 ]− 1,
where Sr is a Sylow 2-subgroup of GL2r(q) or U2r(q) respectively.
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Proof. By Theorem 1.17, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of Gl2r(q) or U2r(q). Applying Proposition 2.1, we get the expression
of the number of elements of order 2 in the direct product.
Theorem 3.14. Let S be a Sylow 2-subgroup of Sp2n(q) or O
+
2n+1(q), and let




[ E(Sri) + 1 ]− 1,
where Sr is a Sylow 2-subgroup of Sp2r(q) or O
+
2r+1(q) respectively.
Proof. By Theorem 1.18, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of Sp2r(q) or O
+
2r+1(q). Applying Proposition 2.1, we get the expression
of the number of elements of order 2 in the direct product.
Theorem 3.15. Let S be a Sylow 2-subgroup of O2n(η, q), η = ±1. Then E(S) is
(a)
∏t
i=1 [ E(Sri) + 1 ] − 1, where 2n = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt,
and Sr is a Sylow 2-subgroup of O
+
2r+1(q), if q
n ≡ η (mod 4);
(b) 4
∏t
i=1 [ E(Sri)+1 ]−1, where 2(n−1) = 2r1+2r2+ · · ·+2rt, r1 < r2 < · · · < rt,
and Sr is a Sylow 2-subgroup of O
+
2r+1(q), if q
n ≡ −η (mod 4).
Proof. (a) Since S has the same group structures as the Sylow 2-subgroups of
O+2n+1(q) from Theorem 1.19, thus we have the results immediately.
(b) By Theorem 1.19, we have S ∼= Z2×Z2×S ′ , where S ′ is a Sylow 2-subgroup
of O+2n−1(q). Applying Proposition 2.1, the number of elements of order 2 in
the direct product is
[E(Z2) + 1][E(Z2) + 1][E(S ′) + 1]− 1,
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which is 3 + 4 E(S ′). In addition, we have the expression of E(S ′) from
Theorem 3.14.
Next we continue with the number of conjugacy classes of elements of order 2
in a Sylow 2-subgroup of the finite classical groups.
Proposition 3.16. Let Sr be a Sylow 2-subgroup of GL2r(q). Then
(a) (i) C(S1) = 3, if q ≡ 1 (mod 4);
(ii) C(S1) = 2, if q ≡ 3 (mod 4);
(b) for r ≥ 2, C(Sr) = [ C(Sr−1)+1 ] [ C(Sr−1)+2 ]2 .
Proof. (a) (i) By Proposition 1.12, S1 is isomorphic to the wreath product
Z2s o Z2. Applying Proposition 2.3, we get
C(S1) = [C(Z2s) + 1][C(Z2s) + 2]
2
= 3.
(ii) Note that a semidihedral group has two conjugacy classes of elements of
order 2 from Proposition 2.5. By Proposition 1.12, S1 is a semidihedral
group, hence the result follows.
(b) By Proposition 1.12, Sr is isomorphic to the wreath product Z2s oZ2. Apply
Proposition 2.3, we have the expression for C(Sr).
Proposition 3.17. Let Sr be a Sylow 2-subgroup of U2r(q). Then
(a) (i) C(S1) = 2, if q ≡ 1 (mod 4);
3.2 Number of Elements of Order 2 and their number of Conjugacy Classes 30
(ii) C(S1) = 3, if q ≡ 3 (mod 4);
(b) for r ≥ 2, C(Sr) = [ C(Sr−1)+1 ] [ C(Sr−1)+2 ]2 .
Proof. (a) Notice from Propositions 1.12 and 1.14, that when q ≡ k (mod 4),
S1 is isomorphic to T1, where T1 is a Sylow 2-subgroup of GL2(q), corre-
sponding to the q ≡ k+2 (mod 4) case. Therefore, we have the results from
Proposition 3.16.
(b) By Proposition 1.14, Sr is isomorphic to the wreath product Sr−1 oZ2. There-
fore we have the expression of C(Sr) from Proposition 2.3.
Proposition 3.18. Let Sr be a Sylow 2-subgroup of Sp2r(q). Then
(a) C(S1) = 1;
(b) for r ≥ 2, C(Sr) = [ C(Sr−1)+1 ] [ C(Sr−1)+2 ]2 .
Proof. (a) Since S1 has only one element of order 2 from Proposition 3.11, hence
C(S1) = 1.
(b) By Proposition 1.15, Sr is isomorphic to the wreath product Sr−1 oZ2. There-
fore we have the expression of C(Sr) from Proposition 2.3.
Proposition 3.19. Let Sr be a Sylow 2-subgroup of O
+
2r+1(q). Then
(a) C(S1) = 3;
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(b) for r ≥ 2, C(Sr) = [ C(Sr−1)+1 ] [ C(Sr−1)+2 ]2 .
Proof. (a) Note that a dihedral group has three conjugacy classes of elements of
order 2. By Proposition 1.16, S1 is a dihedral group, hence the result follows.
(b) By Proposition 1.16, Sr is isomorphic to the wreath product Sr−1 oZ2. There-
fore we have the expression of C(Sr) from Proposition 2.3.
Theorem 3.20. Let S be a Sylow 2-subgroup of GLn(q) or Un(q), and let n =




[ C(Sri) + 1 ]− 1,
where Sr is a Sylow 2-subgroup of GL2r(q) or U2r(q) respectively.
Proof. By Theorem 1.17, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of GL2r(q) or U2r(q). Applying Proposition 2.1, we get the expression
of the number of conjugacy classes of elements of order 2 in the direct product.
Theorem 3.21. Let S be a Sylow 2-subgroup of Sp2n(q) or O
+
2n+1(q), and let




[ C(Sri) + 1 ]− 1,
where Sr is a Sylow 2-subgroup of Sp2r(q) or O
+
2r+1(q) respectively.
Proof. By Theorem 1.18, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of Sp2r(q) or O
+
2r+1(q). Applying Proposition 2.1, we get the expression
of the number of conjugacy classes of elements of order 2 in the direct product.
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Theorem 3.22. Let S be a Sylow 2-subgroup of O2n(η, q), η = ±1. Then C(S) is
(a)
∏t
i=1 [ C(Sri) + 1 ] − 1, where 2n = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt,
and Sr is a Sylow 2-subgroup of O
+
2r+1(q), if q
n ≡ η (mod 4);
(b) 4
∏t
i=1 [ C(Sri)+1 ]−1, where 2(n−1) = 2r1+2r2+ · · ·+2rt, r1 < r2 < · · · < rt,
and Sr is a Sylow 2-subgroup of O
+
2r+1(q), if q
n ≡ −η (mod 4).
Proof. (i) Since S has the same group structures as the Sylow 2-subgroups of
O+2n+1(q) from Theorem 1.19, thus we have the results immediately.
(ii) By Theorem 1.19, we have S ∼= Z2×Z2×S ′ , where S ′ is a Sylow 2-subgroup
of O+2n−1(q). Applying Proposition 2.1, the number of conjugacy classes of
elements of order 2 in the direct product is
[C(Z2) + 1][C(Z2) + 1][C(S ′) + 1]− 1,
which is 3 + 4 C(S ′). In addition, we have the expression of C(S ′) from
Theorem 3.21.
3.3 The Rank and Normal Rank
Similar to the preceding section, we first present the rank of a Sylow 2-subgroup
of the finite classical groups.
Proposition 3.23. Let Sr be a Sylow 2-subgroup of GL2r(q) or U2r(q). Then
R(Sr) = 2r.
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Proof. Fix r ≥ 2. By Propositions 1.12 and 1.14, Sr is isomorphic to the wreath
product Sr−1 o Z2. Since the rank of the wreath product is 2R(Sr−1) = 2 r−1R(S1)
from Proposition 2.3, hence it is sufficient to consider R(S1). From Propositions
1.12 and 1.14, S1 is either isomorphic to the wreath product Z2s oZ2, where 2 s+1 ‖
(q2−1), or a semidihedral group. Note that the rank of the wreath product Z2s oZ2
is 2R(Z2s) = 2, and the rank of a semidihedral group is 2 from Propositions 2.3
and 2.5. Therefore we have R(S1) = 2.
Proposition 3.24. Let Sr be a Sylow 2-subgroup of Sp2r(q). Then R(Sr) = 2 r−1.
Proof. Fix r ≥ 2. By Proposition 1.15, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since the rank of the wreath product is 2R(Sr−1) = 2 r−1R(S1) from
Proposition 2.3, hence it is sufficient to consider R(S1). Note that the rank of a
generalized quaternion group is 1 from Propositions 2.4. Since S1 is a generalized
quaternion group by Proposition 1.15, thus R(S1) = 1.
Proposition 3.25. Let Sr be a Sylow 2-subgroup of O
+
2r+1(q). Then R(Sr) = 2 r.
Proof. Fix r ≥ 2. By Proposition 1.16, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since the rank of the wreath product is 2R(Sr−1) = 2 r−1R(S1) from
Proposition 2.3, hence it is sufficient to consider R(S1). Note that the rank of
a dihedral group is 2 from Propositions 2.6. Since S1 is a dihedral group by
Proposition 1.16, thus R(S1) = 2.
Theorem 3.26. Let S be a Sylow 2-subgroup of GLn(q) or Un(q), and let n =
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Proof. By Theorem 1.17, we have S ∼= Sr1 ×Sr2 × · · ·×Srt , where Sr is a Sylow 2-
subgroup of GL2r(q) or U2r(q), with a rank of 2
r from Proposition 3.23. Applying
Proposition 2.1, we get the expression of the rank of the direct product.
Theorem 3.27. Let S be a Sylow 2-subgroup of Sp2n(q), and let 2n = 2
r1 + 2r2 +




Proof. By Theorem 1.18, we have S ∼= Sr1 ×Sr2 × · · ·×Srt , where Sr is a Sylow 2-
subgroup of Sp2r(q), with a rank 2
r−1 from Proposition 3.24. Applying Proposition
2.1, we get the expression of the rank of the direct product.
Theorem 3.28. Let S be a Sylow 2-subgroup of O+2n+1(q), and let 2n = 2
r1 +2r2 +




Proof. By Theorem 1.18, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sy-
low 2-subgroup of O+2r+1(q), with a rank of 2
r from Proposition 3.25. Applying
Proposition 2.1, we get the expression of the rank of the direct product.









ri, where 2(n − 1) = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt, if
qn ≡ −η (mod 4).
Proof. (i) Note that S has the same group structures as the Sylow 2-subgroups
of O+2n+1(q) from Theorem 1.19. By Theorem 3.28, the rank of the Sylow
2-subgroups of O+2n+1(q) is
∑t
i=1 2
ri , where 2n = 2r1 +2r2 + · · ·+2rt , thus we
have the results for O2n(η, q).
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(ii) By Theorem 1.19, we have S ∼= Z2×Z2×S ′ , where S ′ is a Sylow 2-subgroup
of O+2n−1(q). Applying Proposition 2.1, the rank of the direct product is
2R(Z2) +R(S ′),
which is 2 + R(S ′). Since the rank of S ′ is ∑ti=1 2ri , where 2(n − 1) =
2r1 +2r2 + · · ·+2rt , r1 < r2 < · · · < rt, from Theorem 3.28, thus we have the
results immediately.
Next we continue with the normal rank of a Sylow 2-subgroup of the finite
classical groups.
Proposition 3.30. Let Sr be a Sylow 2-subgroup of GL2r(q) or U2r(q). Then
N (Sr) = 2r.
Proof. Fix r ≥ 2. By Propositions 1.12 and 1.14, Sr is isomorphic to the wreath
product Sr−1 o Z2. Since the normal rank of the wreath product is 2N (Sr−1) =
2 r−1N (S1) from Proposition 2.3, hence it is sufficient to consider N (S1). From
Propositions 1.12 and 1.14, S1 is either isomorphic to the wreath product Z2s oZ2,
where 2 s+1 ‖ (q2 − 1), or a semidihedral group. Note that the normal rank of the
wreath product Z2s o Z2 is 2N (Z2s) = 2, and the normal rank of a semidihedral
group is 2 from Propositions 2.3 and 2.5. Therefore we have N (S1) = 2.
Proposition 3.31. Let Sr be a Sylow 2-subgroup of Sp2r(q). Then N (Sr) = 2 r−1.
Proof. Fix r ≥ 2. By Proposition 1.15, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since the normal rank of the wreath product is 2N (Sr−1) = 2 r−1N (S1)
from Proposition 2.3, hence it is sufficient to consider N (S1). From Proposition
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1.15, S1 is a generalized quaternion group. Note that the normal rank of a general-
ized quaternion group is 1 from Proposition 2.4. Therefore we have N (S1) = 1.
Proposition 3.32. Let Sr be a Sylow 2-subgroup of O
+
2r+1(q). Then N (Sr) = 2 r−1.
Proof. Fix r ≥ 2. By Proposition 1.16, Sr is isomorphic to the wreath product
Sr−1 o Z2. Since the normal rank of the wreath product is 2N (Sr−1) = 2 r−1N (S1)
from Proposition 2.3, hence it is sufficient to consider N (S1). From Proposition
1.16, S1 is a dihedral group of order 2
s+1, where 2 s+1 ‖ (q2 − 1). Note that the
normal rank of a dihedral group of order 2n, where n > 2, is 1 from Proposition
2.4. Therefore we have N (S1) = 1.
Theorem 3.33. Let S be a Sylow 2-subgroup of GLn(q) or Un(q), and let n =




Proof. By Theorem 1.17, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of GL2r(q) or U2r(q), with a normal rank of 2
r from Proposition 3.30.
Applying Proposition 2.1, we get the expression of the normal rank of the direct
product.
Theorem 3.34. Let S be a Sylow 2-subgroup of Sp2n(q) or O
+
2n+1(q), and let 2n =




Proof. By Theorem 1.18, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow
2-subgroup of Sp2r(q) or O
+
2r+1(q), with a normal rank of 2
r−1 from Propositions
3.31 and 3.32. Applying Proposition 2.1, we get the expression of the normal rank
of the direct product.
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ri−1, where 2(n − 1) = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt, if
qn ≡ −η (mod 4).
Proof. (i) Note that S has the same group structures as the Sylow 2-subgroups
of O+2n+1(q) from Theorem 1.19. By Theorem 3.34, the normal rank of the
Sylow 2-subgroups of O+2n+1(q) is
∑t
i=1 2
ri−1, where 2n = 2r1 +2r2 + · · ·+2rt ,
r1 < r2 < · · · < rt, thus we have the results for O2n(η, q).
(ii) By Theorem 1.19, we have S ∼= Z2×Z2×S ′ , where S ′ is a Sylow 2-subgroup
of O+2n−1(q). Applying Proposition 2.1, the normal rank of the direct product
is
2N (Z2) +N (S ′),
which is 2 +N (S ′). Since the normal rank of S ′ is ∑ti=1 2ri−1, where 2(n−
1) = 2r1 + 2r2 + · · · + 2rt , r1 < r2 < · · · < rt, from Theorem 3.34, thus we
have the results immediately.
Appendix A
The Order of a Sylow 2-subgroup
of the Finite Classical Groups
We shall first consider the dimension n = 2r, for the general linear group and
unitary group; n = 2r−1 for the symplectic group and proper orthogonal group,
r ∈ N, then followed by the general case.
Consider the function v : N −→ N∪{0}, where v(a) is the exact power of 2 that
divides a; that is, 2 v(a) ‖ a. Then v has the following properties: For all a, b ∈ N,
(i) v(ab) = v(a) + v(b);
(ii) v(a/b) = v(a)− v(b).
Let m be an odd natural number. Observe that for t ∈ N,
v(q2
tm + 1) = v(q2
t
+ 1) = 1. (A.1)
In addition,
v(qm + 1) = v(q + 1). (A.2)
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qi is an odd number, hence
v(qm − 1) = v(q − 1). (A.3)
Further, it follows by an induction on n ∈ N, that
v(q2
nm − 1) = v(q2n − 1)






= v(q2 − 1) + n− 1. (A.5)




n−i − 1) = 2n−2[v(q2 − 1) + v(q − 1)] + 2n−2.
Proof. By mathematical induction and direct computation, we have the results
from applying the equalities (A.1), (A.3), (A.4) and (A.5).
Proposition A.2. Let Sr be a Sylow 2-subgroup of GL2r(q), and let wr = v(|Sr|),
for all r ∈ N. Then
wr = 2
r−1[v(q2 − 1) + v(q − 1)] + 2 r−1 − 1
for all r ∈ N.











= v(q2 − 1) + v(q − 1).
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By direct calculation,





for r ≥ 2.
Suppose wi = 2
i−1[v(q2 − 1) + v(q − 1)] + 2 i−1 − 1, for 1 ≤ i < k. Since
wk = (wk − wk−1) + wk−1,
by applying Lemma A.1, and the inductive hypothesis, we get
wk = 2
k−1[v(q2 − 1) + v(q − 1)] + 2 k−1 − 1.
Therefore we have the results by mathematical induction.
Proposition A.3. Let Sr be a Sylow 2-subgroup of Sp2r(q), and let wr = v(|Sr|),
for all r ∈ N. Then
wr = 2
r−1v(q2 − 1) + 2 r−1 − 1
for r ∈ N.

















for r ≥ 2.
Suppose wi = 2
i−1v(q2 − 1) + 2 i−1 − 1, for 1 ≤ i < k. Since
wk = (wk − wk−1) + wk−1,
by applying Lemma A.1, equation (A.3) and the inductive hypothesis, we get
wk = 2
k−1v(q2 − 1) + 2 k−1 − 1.
Therefore we have the results by mathematical induction.
Proposition A.4. Let Sr be a Sylow 2-subgroup of U2r(q), and let wr = v(|Sr|),
for all r ∈ N. Then
wr = 2
r−1[v(q2 − 1) + v(q + 1)] + 2 r−1 − 1
for r ∈ N.











= v(q2 − 1) + v(q + 1).
By direct calculation,









for r ≥ 2.
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Suppose wi = 2
i−1[v(q2 − 1) + v(q + 1)] + 2 i−1 − 1, for 1 ≤ i < k. Since
wk = (wk − wk−1) + wk−1,
by applying similar argument as in the proof of Proposition A.3, equation (A.2)
and the inductive hypothesis, we get
wk = 2
k−1[v(q2 − 1) + v(q + 1)] + 2 k−1 − 1.
Therefore we have the results by mathematical induction.
Proposition A.5. Let Sr be a Sylow 2-subgroup of O
+
2r+1(q), and let wr = v(|Sr|),
for all r ∈ N. Then
wr = 2
r−1v(q2 − 1) + 2 r−1 − 1
for r ∈ N.





(q2i − 1) = |Sp2r(q)|.
Therefore, we have the results immediately from Proposition A.3.
Theorem A.6. Let S be a Sylow 2-subgroup of GLn(q), and let wn = v (|S|).
Then
wn =
 n2 [v(q2 − 1) + v(q − 1)] + n2 − t, if n is even;v(q − 1) + (n−1)
2
[v(q2 − 1) + v(q − 1)] + (n+1)
2
− t, if n is odd.
where n = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt.
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Proof. By Theorem 1.17, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow





From Proposition A.2, v(Sr) = 2
r−1[v(q2 − 1) + v(q − 1)] + 2 r−1 − 1, for r ∈ N.
Notice that v(S0) = v(q − 1). Now, r1 ≥ 1 when n is even, otherwise r1 = 0, thus
the results follow.
Theorem A.7. Let S be a Sylow 2-subgroup of Un(q), and let wn = v (|S|). Then
wn =
 n2 [v(q2 − 1) + v(q + 1)] + n2 − t, if n is even;v(q − 1) + (n−1)
2
[v(q2 − 1) + v(q + 1)] + (n+1)
2
− t, if n is odd.
where n = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt.
Proof. By Theorem 1.17, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow





From Proposition A.4, v(Sr) = 2
r−1[v(q2 − 1) + v(q + 1)] + 2 r−1 − 1, for r ∈ N.
Notice that v(S0) = v(q − 1). Now, r1 ≥ 1 when n is even, otherwise r1 = 0, thus
the results follow.
Theorem A.8. Let S be a Sylow 2-subgroup of Sp2n(q), and let wn = v (|S|).
Then
wn = n · v(q2 − 1) + n− t,
where 2n = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt.
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Proof. By Theorem 1.18, we have S ∼= Sr1 × Sr2 × · · · × Srt , where Sr is a Sylow





From Proposition A.3, v(Sr) =
∑t
i=1 2
ri−1v(q2 − 1) + 2 ri−1 − 1, for r ∈ N. Notice
that r1 ≥ 1, thus the results follow.
Theorem A.9. Let S be a Sylow 2-subgroup of O+2n+1(q), and let wn = v (|S|).
Then
wn = n · v(q2 − 1) + n− t,
where 2n = 2r1 + 2r2 + · · · + 2rt, r1 < r2 < · · · < rt.





(q2i − 1) = |Sp2n(q)|.
Therefore, we have the results immediately from Proposition A.8.
Theorem A.10. Let S be a Sylow 2-subgroup of O2n(η, q), and let wn = v (|S|).
Then
(a) wn = n ·v(q2−1)+n− t, where 2n = 2r1+2r2+ · · · +2rt, r1 < r2 < · · · < rt,
if q ≡ η (mod 4);
(b) wn = (n− 1) · v(q2 − 1) + n+ 1− t, where 2(n− 1) = 2r1 + 2r2 + · · · + 2rt,
r1 < r2 < · · · < rt, if q ≡ −η (mod 4);
Proof. (a) Note that S is isomorphic to a Sylow 2-subgroup of O+2n+1(q) from
Theorem 1.19. Therefore we have the results from Theorem A.9.
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(b) By Theorem 1.19, we have S ∼= Z2×Z2×S ′ , where S ′ is a Sylow 2-subgroup
of O+2n−1(q). Hence we have
wn = 2 + v(|S ′|)
= 2 + (n− 1) · v(q2 − 1) + (n− 1)− t (from Theorem A.9)
= (n− 1) · v(q2 − 1) + n+ 1− t.
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